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and the complicated iterative procedure it entails, 

are eliminated. A high degree of accuracy is 

attained with a limited amount of calculation: for 

three typical commercial color filters, the maximum 

errors arising from the calculations are between 

0.01 and 0.04 degree for a temperature range of 

1200-3000° K. 

y < 2 ;(ALL) I ’ i 2  

d e f i  
Optical-pyrometrical temperature measurements are customarily 

evaluated by a procedure described in Henning (Ref. l), which requires a 

knowledge of the effective wavelength of the color filter utilized. This 

wavelength, however, depends on two temperatures -- the observational 

temperature and the temperature to be measured. An expression first 

given by Foote (Ref. 2) for the effective limiting wavelength makes it 

*Note: Numbers in the margin indicate pagination in the original 
foreign text. 
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ABSTRACT > 3 ’ 7 W  
A numerical procedure enabling the analysis of 

temperature measurements by optical pyrometry is 

described. The determination of the effective wave- 

length normally carried out with present methods, 
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p o s s i b l e  f o r  t h e  e f f e c t i v e  wavelength, and thus  t h e  unknown temperature  

a l s o ,  t o  be approximated by an  i t e r a t i v e  procedure.  This  method o f f e r s  

t h e  inexperienced c a l c u l a t o r  l i t t l e  more than  d i f f i c u l t y ;  moreover, a 

l a r g e  number of numerical  i n t e g r a t i o n s  must be performed i n  o rde r  t o  

t a b u l a t e  t h e  e f f e c t i v e  l i m i t i n g  wavelength. 

Objec t ive  temperature-measuring devices  have r e c e n t l y  been i n  /641 

t h e  process  of development t o  an  increas ing  e x t e n t ,  and have a l r eady  

af forded  r e l a t i v e  accu rac i e s  wi th in  hundredths of a degree.  This  i s  a 

p r e c i s i o n  which cannot be guaranteed by t h e  convent ional  computat ional  

method, and i s  a l s o  t h e  reason f o r  the obvious d e s i r e  f o r  a b e t t e r  

method of eva lua t ion .  

. .  

The fol lowing desc r ibes  a new procedure which complies w i th  t h e  

increased  demands f o r  accuracy,  and even reduces t h e  number of i n t e g r a t i o n s  

which are necessary.  I t e r a t i o n s  a r e  fur thermore e l imina ted ,  s i n c e  t h e  

unknown temperature  may be s p e c i f i c a l l y  ca l cu la t ed .  

appa ra tus  should a l s o  be more easily managed by less p rac t i ced  c a l c u l a t o r s .  

The o r d e r l y  formula 

General P r i n c i p l e s  

O p t i c a l  measurement of temperature d e a l s  c h i e f l y  wi th  a comparison 

of two r a d i a n t  temperatures  - i n  general ,  by a t tempt ing  by means of 

v a r i a b l e  a t t e n u a t i o n  t o  make t h e  weakened r a d i a t i o n s  seem i d e n t i c a l  t o  an  

obse rve r ,  o r  t o  be s o  est imated by an o b j e c t i v e  r e c e i v e r .  

f o r  s u c c e s s f u l l y  balancing t h e  r a d i a t i o n  may be  mathematically formulated 

as fo l lows:  

The cond i t ion  

Ji&(A,T) P(A,T) V(IJ D(R)dI .  = D’Jie’(l,T’)P(l,T’)V(l) D’(1)dA. (1) 

Here D,  D’  and D ( A ) ,  D ’ ( A )  denote t h e  t ransmi t tancy  of n e u t r a l  and 
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selective attenuating media, respectively; E(A,T) and E ' ( A , T ' )  indicate 

the degree of emission of the radiant body which generally depends on 

wavelength A and temperature T or T'; P(A,T) is Planck's function 

which, with the constant factor omitted, is: 

P(A,T) = P [ e x p - -  c2 13-1. 
AT 

V(A)  is the sensitivity of the human eye to brightness, which in 

objective observation is replaced by the sensitivity of the receiver em- 

ployed. 

Formula (1) is valid if the radiation is not equilibrated directly, 

but through a secondary norm (the pyrometer bulb). If the left side of 

Equation (1) is designated by J ,  the right by J', and the corresponding 

expression for the secondary norm by J*, the relations 

J = J* (34 

and J' = J* (3b) 

are valid, whence Equation (1) again ensues. 

In order to determine an unknown temperature T, the temperature T' 

of the comparison radiator must be known, as well as transmittancy D, D '  

and D ( A ) ,  D ' ( A )  and sensitivity V ( A ) .  A knowledge of the radiant 

properties of both radiators, described by the degree of emission E(A,T), 

is also required. 

radiator; therefore, € ' ( A , T ' ) =  1. In order to simplify the calculating / 6 4 2  

procedure, let us assume that the second radiator is also a black body 

A black body is generally used as the comparison 

whose temperature 

Thus, Equation (1) 
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Description of the Computational Procedure 

For sufficiently small values of X*T, Planck's function may be 

replaced by Wien's approximation: 
- 

P(I,T) = W ( I , T )  = (5) 

If the spectral region in which D(X) or D'(X) differ from zero is 

likewise so small that variation in X need not be taken into account, 

the integrals in Equation ( 4 )  are converted into expressions such as: 

(6) -c,. 
Ae A,T 

with fixed X g .  Taking the logarithm of expression (6), we have: 

Mcg . 

AeT 
10gJ, P ( I , T )  V(d) D(d) d l  logA- -. (7) 

This procedure may also be regarded as the first approximation of 

a Taylor expansion whose generalization is: 

The case in which the series is truncated at k = 3 is to be treated 

here as a particular case of Equation (8). Then the result derived by 

taking the logarithm of Equation ( 4 )  is: 

or . .  . .  
. .  

D' . 

T' (:*)' (a)' D 
1 1 1 

T . To TS . - + ~ - + B - = Y o + ~ ~ - + Y o  - 4 - 7 3  - +6log-  (10) 

with 

To determine the unknown temperature T, the right side of Equation 

(10) must be known. Here it is set equal to X, so that it follows: 

4 



This equation may be solved by approximation and, with the choice /643 

of X as the initial value, it assumes the form: 
1 

T .  - = X f ( X ) ,  . (12) 

where f(X) is close to 1. Thus, the further transformation: 

may also be made, and g(X) can also be expanded in a series so that finally, 

disregarding terms of higher order, we obtain: 

T* = AX-' + B + cx+' . (14) 

The symbol T* is used to differentiate the computed,from the real 

value of T. 

Calculating the Constants 

The constants of Equation (9)  may be computed from a system of 

euations of the fourth order. If we introduce the notation: 

then, with fixed chosen temperatures Tn, the constants are derived as: 

The temperatures may be so combined that the values of bkYn in 

Equation (16) become very simple. 

The constants of Equation (14) may likewise be computed from a system 

of equations, if X is expressed by T 
three appropriately-chosen temperatures Tm are introduced. If Tm* = Tm, 

according to Equation (ll), and 

it is then true that : 
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Approximations which represent A, B, C as a function of a and B 

are given below. Temperatures T1, T3 and T4 from equation system (15) 

are substituted for the values of T,, for computational purposes. The 

same patterns are used to figure the primed values ak' as for the plain 

values ak; the values of L are then replaced by the corresponding primed 

values. 

First combination: I644 

Second combination: 

. . . .  
, .TI = 1OOO "E: T, =.I200 O K ,  Ti  = 1500 "E: .T, = 2ooo "K , I  

. .  . .  . .  
. . . .  . ap=  20L4- 45L,+ 3 6 L , - J O k ' .  . . . . . .  . .  . . .  

. '  . 81 = (47.b - 162 L,:$.189 La--'.74 L,). lot: . . _ .  1 . : .: . 

A i l .  : 6 .. . .  

. . . .  -- . . . .  
- _  (2af-3ap)10-6.. .  '' 

B ' = a  . , . .  

. .  . .  . . .  
., a , = , ( . 5 i 4 -  i 4 ~ , + '  1 3 ~ ~ -  4 '&)18 .106 . .  . .  7 . .  

. 8, =.( .. b-. ' .3L,  + 3L3- ' 4 ) 3 6  10'. . . . . .  
. . . .  . .  

. . . . .  . . .  . . .  . . . .  . . .  . .  
. .  

' , '+2'(2$-3ag).IO-'.  :. - . . I 

. . . .  . .  . .  . .  

. . .  . .  
. 6  . . : .  

. .  f 

% .  

. . .  . .  . .  
c . = ( ~ - ' a * ) . + ~ ( 2 a a - 3 a g ) ' i 0 - '  13 . . 

. .  . .  . .  
. .  
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Third combination: 

'TI=1500°K T,=1800"K T3=2250"K T 4 = W o K  

8 0 s  mL4-  45L,+ 36L,-lO'L, 
3 = (47 &- 162 L, + 189 La- 74 L,) -10' 
2 

a 2 = (  5L4- 14L,+  13L,- 4L,)-lO6 81 ' 
2 .  

a 3 = (  I.1- 3 L , + .  3L3- L4)+0@ 243 

A = l  + -(2a3-3a,'3)10-@ . 

B = a  

C = ( p -  Y*) i- -(2a3-3ap) 117 lo-'. . . ' . 

8 
81 

81 
-- 54 (2as- 3 4 )  10-6 

- 81 ~ 

Computational Accuracy I 6 4 5  

The accuracy of the calculations depends on the spectral position and 

the extension of the filter band and on the temperature range or combination. 

Figure 1 gives the standardized transmittancy curves of three color filters, 

as utilized in optical pyrometry. 

. .  

Relative Transmittancy of Three Color Filters 
( 2) -E ; (b ) - G r  pcez ; ( c -?kc! ; ( d ) -Re 1s t ive Transmi t t anc y ; ( e 1 - W a v e .  1 eng t h X 

On the assumption that D(A) = D ' ( X ) ,  these values were used to compute 

7 



. 

t h e  i n t e g r a l s  of Eq-uation ( 4 )  f o r  v a r i o u s  temperatures  wi th  f i x e d  

/ 646  T '  = T A ~  = 1336.15OK. For every T ,  t h e  p e r t i n e n t  va lue  of D ' / D  is  

der ived  from t h i s ,  which is  s u b s t i t u t e d  i n  t h e  r i g h t  s i d e  of Equation 

(10) t o  c a l c u l a t e  X. Because D(X)  = D ' ( h ) ,  t h e  fol lowing e q u a l i t i e s  

develop : 

and thus  . .  
1 1 -  1 D' 

. T h 2  , TAU' -. . . D. 
X=- +a-+b-  -I- b log-. 

. I  

' TAU 

The computed va lue  T* belonging t o  T then  r e s u l t s  from Equation /647 

(14) .  F igure  2 g ives  t h e  d i f f e rences  AT = T - T* as a func t ion  of 

T o r  T*, which cannot be d i f f e r e n t i a t e d  on t h e  a x i s  of t h e  a b s c i s s a s ,  

f o r  t h e  t h r e e  co lo r  f i l t e r s  and t h e  first combination. With t h e  green  

and b l u e  f i l t e r s ,  AT i n  t h e  1200-3000°K temperature  range remains less 

than  O.0lo; with  t h e  r ed  f i l t e r ,  less than  0.040. Even when t h e  temperature  

range i s  i n  each case exceeded by 200°, a l l  requirements f o r  accuracy are 

Figcre  23 

Figures  2a-c. Computational E r r o r s  f o r  Three Color F i l t e r s  
and F i r s t  Combination 

(a)-Red F i l t e r  
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still fulfilled. Figure 3 gives a similar presentation for the red 

filter and the second combination. Here AT between 1000 and 2000OK 

remains even less than 0.003'. 

affords no essential improvement in the 2000-3000°K temperature range. 

The third combination, on the contrary, 

Figure 2b 
(b)-Green Filter 

Since the temperature of solidifying gold TA,, is the basis of the 

optical temperature scale, the error specification which has just been 
# 

formulated contains all the necessary information. No error propagation 

occurs if the values of T* are used for subsequent calculations, as the 

procedure is applied step by step. 

Applications 

1. Temperature Determination 

(a) Neutral attenuation media. 

In this case D(A) = D' (A) and we have: 
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Figure 2c 

(c)-Blue Filter 

Let a black body have an unknown temperature T, and let 

its radiation be attenuated with a rotating sector of transmittancy D. / 6 4 8  

Calibration was accomplished without the sector, i.e., D' = 1, and the 

observation provides observational temperature T'. We then have: 

If, on the contrary, radiation of a black body of known 

temperature T' is attenuated with a sector of transmittancy D', it then 

corresponds to the unattenuated radiation (D = 1) of a black body of tem- 

perature T. Therefore, we have: 

x =. - 1 + a (y+ #?( $y + 61043 D' . 
T' 

This case may perhaps occur when.a pyrometer is calibrated 

below the gold point; the computed temperature T* is the one which is to 

be associated with the measured pyrometer current. 
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Figure 3 

Computational Errors for Red Filter and Second Combination 
(a)-Red Filter 

(b) Selective attenuation media. 

Here D(X)  # D ' ( A ) ,  but in general D(X) = D*(X)D'(X). This 

is, for example, necessary in pyrometers, so that the radiation of the 

secondary norm under equal conditions (pyrometer current) will remain 

unchanged and Equations (3a) and (3b) will remain valid. 

If the pyrometer is calibrated with a filter of transmittancy 

D ' ( X ) ,  and in addition a smoked glass of transmittancy D*(X) is used, then 

Equation (1O)is generally true. 

x = Y o  + Y1- 1 + Y 2 ( i Y +  y3(+y+ 6 log- D' . _  

T' D 
a: - a. %* ' 82' 'as' . 1  

a, 81 ar a: &, 
, y a = - , t = - .  Y o  = 9 y1=- ,  y2=- 

where 

If, moreover, no neutral attenuation media are employed, then 
D '  
D D = D '  = 1 and log - = 0. The values of c1 and B now differ from 
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their values in section (a) - i.e., their values are as computed for the 

combination of color filter and smoked glass. 

2. Transmittancy Measurements 

(a) Neutral attenuation media. 

In order to determine transmittancy D of a neutral attenua- 

tion medium, the temperature T of a black body is measured, and the 

attenuation medium is then placed in the path of the radiation, and the 

observational temperature T' derived. We then have: 

Dj,P(R, T) V(3,) D(A) d l  = J.P(R,T') 1. V(2) P(1) dil. , 

From Equation (9) it follows that, when D' = 1 and 

D(X)  = D'(A) and therefore ak = ak': 

(b) Selective attenuation media. I 649  

For selective attenuation media of transmittancy D*(X), 

their effective transmittancy Deff 

mittancy D'(X) is defined by the equation 

in the light of a filter of trans- 

. .  , , .  . .  . .  

The following is derived from Equation ( 9 ) ,  with D= 1 and 

D' = Deff: 
1 1 1 
T T* : T' 

. .  
log Dell = a,, - a/ + (a, -%') - + (ae -ai) - + (ar -aB1') - . (21) 

The effective transmittancy of a smoked glass in the light 

of two color filters is presented in Figure 4 as a function of the tempera- 

ture. It is experimentally determined exactly as is that of neutral 

attenuation media in section ( 2 a ) .  
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. .  , 

t b )  Tmpwotur 

Figure 4 

Effective Transmittancy of Smoked Glass in the Light of Two Filters 
(a)-Effective Transmittancy; (b)-Temperature; 

(c)-Red Filter; (d)-Green Filter 

Effective Wavelength 

Effective wavelength Xeff is ordinarily defined by the equation 

SrP(I.,T') V(A) D(1) dil 
'lc2 &en ( T T' ' ) = log JI.P (2, T) V ( l J  D(R)  d A  - (22) - --_ 

Here, the left side of Equation (22) is derived from Wien's approxima- 

tion [Equation ( 7 ) ] .  As in Equation (20), it is now true that: 

I 6 5 0  For the passage to the limit T + T', the effective wavelength - 
becomes the effective limiting wavelength A,. Application of L'Hospital's 
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is true of the relationship between the effective limiting wavelength 

and effective wavelength. 

Equation ( 2 2 )  may be regarded as a definition, but a precise formu- 

lation would read: 

It follows that: 

and, finally, for the passage to the limit: I 6 5 1  

Figure 5 represents A, from Equation ( 2 3 )  and Equation ( 2 7 )  for two 

color filters as a function of temperature. 

Conc lus ion 

The computational method described has the essential advantage of 

achieving high accuracy with a moderate amount of calculation. Only 

four integrations are required for any combination of filters, nor is it 

necessary to know the effective wavelength, but it is derived as a subsidiary 

result. Representation of the logarithm of the luminous-density integrals 

as a polynomial of the third degree [Equation ( 9 ) ]  leads to a quadratic 

representation of the effective wavelength [Equation ( 2 3 ) ] ,  which is an 

improvement over the linear form given by Henning (Ref. 1). 
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Figure 5 

E f f e c t i v e  Limit ing Wavelength of Two Color F i l t e r s  

P r e c i s e l y  Calculated According t o  Planck [Equation (27) ]  

Calculated According t o  Wien [Equation (23) ]  -_____ 
( a ) -Ef fec t ive  Wavelength; (b)-Green F i l t e r ;  

(c) -Red F i l t e r  ; (d) -Temperature 

It i s  a p e c u l i a r  f a c t  t h a t  no ex tens ive  conversions are necess i t a t ed  

by e s t a b l i s h i n g  a new va lue  f o r  t h e  r a d i a t i o n  cons t an t  c2.  In s t ead  of 

expansion wi th  r e s p e c t  t o  1 / T  i n  Equation ( 8 ) ,  i t  may a l s o  t ake  p l a c e  

wi th  r e s p e c t  t o  c2 /T  s o  t h a t :  

ho lds  t r u e .  

Comparison of t h e  c o e f f i c i e n t s  g ives :  

ak A bk c,k, 

where t h e  va lues  of bk are now inva r i an t  wi th  r e s p e c t  t o  a change i n  c2. 
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If a new value c2* is 

the old value of ak 

k NASA TTF-9359 

now introduced, the new constants ak* ensue from 

from the relationship: 

Accuracy may be increased at will by continuing the series expansion 

in Equation ( 9 ) ,  or the temperature range may be widened. The polynomial 

representation is well suited as an interpolation formula for tabulations 

by means of electronic computers. 

The discussion of non-black radiating bodies will follow at a later 

period. 
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